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We use elementary linear algebra to prove that if p divides n, then the p-rank of
a skew Hadamard (4n&1, 2n&1, n&1)-design is 2n. Our theorem generalizes and
simplifies an extension by Jungnickel of a result of MacWilliams and Mann
obtained using character theory.  1996 Academic Press, Inc.
The incidence matrix of a Hadamard (4n&1, 2n&1, n&1)-design D is
a 4n&1 by 4n&1 (0, 1)-matrix A that satisfies
AAT=nI+(n&1)J. (1)
The complementary design D is a (4n&1, 2n, n)-design with incidence
matrix J&A. A Hadamard design is skew provided if it is isomorphic to a
design whose incidence matrix is a tournament matrix, i.e., after row and
column permutations
A+AT+I=J. (2)
The p-rank of a design D is the rank of its incidence matrix over a field of
characteristic p and is denoted by rankp(D). The p-rank is sometimes used
to distinguish among non-isomorphic designs, as it is clear that isomorphic
designs must have equal p-ranks. For a Hadamard design D one must
assume that p divides n to glean any useful information [1], and in this
case one readily shows (with (1) and (4) below, e.g.) that
rankp(D)2n. (3)
Jungnickel [2, Theorem 15.7] proves that equality holds in (3) whenever
D is a skew Hadamard design arising from a difference set in an abelian
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group of prime power order. His character-theoretic argument is borrowed
from MacWilliams and Mann [3], who establish the result for the skew
PaleyHadamard designs. We shall prove that equality holds in (3) for
every skew Hadamard design. Our proof relies on the following conse-
quence of Sylvester's law for the nullity of a matrix product: For any square
matrix B over any field
nullity(B)nullity(BB
T )
2 | . (4)
Theorem. Let D be a skew Hadamard (4n&1, 2n&1, n&1)-design.
Suppose that p divides n. Then rankp(D)=2n and rankp(D )=2n&1.
Proof. Let A be the incidence matrix of D. Without loss of generality
A is a tournament matrix. Work over a field of characteristic p. By (2) the
incidence matrix of D is J&A=AT+I, which has the same rank as A+I.
By the rank-plus-nullity theorem it suffices to prove that
nullity(A)=2n&1, nullity(A+I)=2n. (5)
Because the eigenspaces of A corresponding to 0 and &1 intersect trivially,
nullity(A)+nullity(A+I)4n&1. (6)
Equations (1) and (2) imply that AAT=&J and (A+I)(A+I)T=O. Thus
by inequality (4)
nullity(A)W(4n&2)2X=2n&1, (7)
nullity(A+I)W(4n&1)2X=2n. (8)
Now equality must hold in (6), (7) and (8). Therefore (5) holds. K
The theorem implies that with p-ranks one is unable to distinguish
among non-isomorphic skew Hadamard designs. However, one may some-
times use p-ranks to prove that a given Hadamard design is not skew.
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